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A derivation of the heat transfer equation is based on an extension of 
the Reynolds analogy to turbulent gas and liquid dispersed suspensions 
with a low solids concentration at Pr -> 1 with allowance for the mo- 
tion of the boundary layer. 

In [1] a theo re t i ca l  re la t ion  was obtained for  de -  
t e rmin ing  the r a t e  of heat exchange with through flows 
of the "gas suspension" type in cy l indr ica l  channels.  
In der iv ing  this re la t ion  in the f i r s t  approximat ion e e r -  
tain assumpt ions  were  made,  the mos t  impor tant  of 
which a re  the assumpt ion of ze ro  boundary layer  ve lo -  

city (v' = 0) and the assumpt ion  that P r f  = 1. Fo r  gas -  
d i spe r sed  flows with a low t rue  volume concentra t ion  
p -~ 0 . 0 3 -  3%, the expe r imen ta l  data indicate  that 
these  assumpt ions  a re  quite acceptable .  

In o rde r  to soIve the p rob lem for  nonzero  boundary 
l aye r  ve loc i ty  and P r f  >_ 1, it is n e c e s s a r y  to depar t  
f r o m  the s impl i f ied  model  and to take into account,  
toge ther  with the turbulent  flow, the turbulent  boundary 
layer ,  which cons is t s  of a t r ans i t ion  l ayer  and a l a m -  
inar  sublayer .  We will examine  the shea r  s t r e s s e s  and 
heat  fluxes in the v i scous  sublayer  and then in the in-  
t e r m e d i a t e  layer  and the turbulent  core .  

The l amina r  sublayer  is c h a r a c t e r i z e d  by the p r e -  
sence  of cons iderab le  va r i a t ion  of the ve loc i ty  and 
t e m p e r a t u r e  of the flow components along the normal  
to the heating sur face  (along the y -ax i s ) .  The longi-  

tudinal t he rma l  dlffustvity is smal l  and in our case  
can be neglected.  Moreover ,  for  d i s p e r s e  flows with 
a low sol ids  concent ra t ion  it may be a s sumed  that the 
rheo log ica l  p rope r t i e s  a r e  a lmos t  Newtonian. Then 
the c h a r a c t e r i s t i c s  of the shea r  s t r e s s  in the sublayer  
wil l  be taken into account by the apparent  v i scos i ty  pf 
in accordance  with the approximat ion [2] 

Sf=lgf - - ~ - ~ t ( 1 - - ~ )  -2"s Oi s 

Assuming  that at the wall  the ve loc i ty  is ze ro  and 
that the par t  of the ve loc i ty  prof i le  in the region of a 

l aminar  sublayer  of th ickness  6is is l inear ,  we find 
the following express ion  for  the change of flow ve loc i ty  
in the sublayer:  v � 8 9  w =v~.  

The speci f ic  heat flux densi ty in this sublayer  is de-  
t e r m i n e d  by the heat  conduction mechan i sm and, in 
accordance  with F o u r i e r ' s  law, 

Ot x t'~ - -  tc~ 

Here,  X i is  the apparent  the rmal  conductivity in the 
sublayer  of the d i spe r se  flow, which can be found f rom 
Maxwel l ' s  fo rmula  

%f 2 + Lparl%-- 2~ (1 - - ~ p a r  /)~) 

For  gas suspension flows Xf ~- X. In the genera l  
case  the quanti t ies  5is and 6it in (1) and (2) a re  not 
equal,  though this is not usual ly  noted. By analogy 
with a l aminar  boundary l ayer  we assume  that 

6 It ~ a v,, = ~ Prf. (3) 

It is easy to note that when P r f  ~_ 1--gas suspension 

f lows- -d i s  = 61t, while when P r f  > l - - l i qu id  suspension 

flows--61t < 61s. 
Using (3), we express  (2) in t e r m s  of (1): 

)~f t~ - -  t w 
qt = sf - - -  (1 - -  ~)2.8 - ~ - v - - -  ~/ Pr r. (4) 

Since P r f  = p fc fAf ,  

t~ - -  t,v 
ql = s fc  f P r f  -0,67 (5) 

In the in te rmedia te  buffer  l ayer  heat is t r anspor ted  
by both conduction and turbulent  mixing.  In this case  
it is n e c e s s a r y  to take into account both the molecu la r  
and the turbulent  shear  s t r e s s e s .  Usually,  two d i f fe r -  
ent momentum and heat t r a n s p o r t  mechan i sms  a re  
taken s imul taneous ly  into account in the f o r m  cha r -  
a c t e r i s t i c  of the v i scous  sublayer .  For  our case  we 
obtain 

B, m3/m 3 

Compar i son  of Calculated and Exper imenta l  Data 

0.005 
0.01 
0.03 
0.05 
0.10 
0.20 

I ,Gas-graphite particles 

INuf/Nu acc. to (t 5)]Nuf/Nu acc. to 

ii! 7 

Water-graphite particles 

l l ]  Nuf/Nuacc-to(13) Nuf/Nuacc. to[5]  

1.0 
0.985 
0.95 
0,94 
0,895 
0.765 

1,0 
O. 990 
0.94 
0,91 
0.857 
O. 692 



336 INZ HENERNO-FIZ ICHESKII ZHURNAL 

qb = (Xf + Of cf ~ )  Ot_~ , (6) whence 
OV q _ scp 

t x - -  t w Vx 
sb= (Ff + pfs,) Ov~ (7) 

0V 

Here,  e a and e v are  the tu rbulen t  analogs of the t h e r -  
mal  diffusivity and kinemat ic  v iscos i ty  for the d i s -  
pe r se  flow, taking into account the contr ibut ion of the 
tu rbulence  of the flow components to the total t r a n s -  
port  ac ross  the buffer layer .  As dis t inct  f rom a and 
v the mola r  coefficients e a and e v a re  not physical  pa-  

r a m e t e r s  and depend on var ious  cha rac te r i s t i c s  of the 
d i sperse  flow (fi, d p a r / D  , Re . . . .  ). The molar  coeffi- 
cients a re  quant i t ies  hard to de te rmine  for homoge- 
neous and pa r t i cu l a r ly  d i sperse  flows. 

The turbulent  flow outside the buffer l ayer  is  char -  
ac ter ized  by f luctuational  heat and momentum t r ans f e r  

The turbulent  flow outside the buffer layer  is c ha r -  
ac te r i zed  by f luctuational  heat and momentum t r a n s f e r  
so in tense  that the effect of molecu la r  t r anspor t  can be 
neglected.  Then (6) and (7) give 

e__~ a t e ~  Ov~ (8) 
q = sc r 

ev 0 9 / Oy 

For  homogeneous flows it is often assumed that 
ea /e  v = 1. Fo r  d i spe r se  flows such an approach is  
sca rce ly  applicable.  In view of the difficulty of us ing  
(8), we will de te rmine  the heat t r a n s f e r  to the outer  
edge of the l amina r  sublayer  f rom the heat ba lance  e x ,  
p ress ion ,  a s suming  q~ - ~t = t p a r / t :  

+ - ~ -  Cpa,'(txp . . . .  par) = q = - F -  c~ (t~ - -  6;) P~ - -  t" 

= ~__L ( t ~ "  t ; ) ( c ' c ,  + a ; . , c , . . ) .  ( 9 )  
F 

T h e  corresponding shear  s t r e s s e s  a re  de te rmined  
i n  accordance  with the law of conserva t ion  of m o m e n -  

�9 T turn and the additivity pr inciple ,  a s suming  q0 v ~- ~0 v = 
= Vpar/V: 

G' 
Sf = $ --[- 5par~-~- --F-- 

I _ (~o 

F 

% 
( v ,  - v%) + - y -  ( v ~ . p . ,  - V ; p . . )  = 

- - -  (v,  - v%) (s'  + s % ,  ~. 

Combining (9) and (10), we obtain 

c . ( t , - - t ' ~ ) (  Spar Cpa, (~t) 
q = s  V x - - ~  1 + S Cp (9~ 

= sco , A. 

(lO) 

(11) 

Consider ing  the s ta t ionary thermal  reg ime ,  i . e . ,  
dt/dT =dtpar /d rpa  r = 0, we obtain ql =q" Then f rom 
(5) and (11) we find that 

~ ; _ t  w = _ L _  q _ p~oo~ __~% v,, 
SfCf f t) x 

x ~ scpA 

where 

v~ [pro.6 7 G - - 1 ] '  l+ vZL ' ~ A  

A = 1 + ---~--arC--par % = 8---q--a > 1. 
S Cp ~ v 8v 

(12) 

Consider ing that as ~ t  ~ 1 i f  and the heat t r a n s f e r  
coefficient of the d i spe r se  flow af  a re  given by 

= 1 + ([~OparCpar~t/p Cp) t ~ t ~ tx, 
1 -]- (~Ppar Cpar/P Cp) 

q q 

a f - -  t f - - t w  i x _ _ { -  w 

and that sf/s = (f/~; Spar/S = ((f - ~)/~ [11 and noting that 
for a homogeneous medium,  in accordance with the 
Prandt l  solution, which improves  the Reynolds for -  
muIa by taking into account heat t r ans fe r  ac ross  the 
boundary l ayer  

SOp 1 scp 
a - - - -  - - - -  E ,  

v 1 +--if-  (Pr - -  1) v 

instead of (12) we obtain the following, more  general  
than in [1], equation of the hydrodynamic theory of 
heat t r a n s f e r  for a d i spe r se  flow: 

c o % j Nu 

_ _ a f  ~, 

a ~,f 

w h e r e  

{ /{ Ef 1 +  v' (Pr- -1)  I +  v 
0 

• r~ 6~ cp co 

(13) 

(14) 

Comparing this express ion  with that obtained in [1] 

af ~ 1 +  (~ f  . _ l i a r  q~.__L, (13') 
a \ ~  ] cp % 

we note that they differ with respec t  to Ef, which takes 
into account the effect of P r  > 1 and the motion of t h e  
l a mi na r  sublayer .  

We wilI cons ider  ce r ta in  ex t reme and pa r t i cu la r  
cases: 

a) in the absence of discrete particles fl = O; ~f = 

= ~ ; ~ p a r  = 0, Pr f  = P r ; c f  = c ~ ; t h e n f r o m  (14) Ef = 
1, and f rom (13) a f /G  = 1 andeo~f = o~; 
b) when P r  = 1 E  = 1, but Ef < 1; 

' = 0 (stat ionary sublayer)  Ef = 1, and c) when v x 
(13) coincides with (13'). 

In der iv ing (13) no cons t ra in t s  were imposed on the 
Prandt l  number .  Therefore  in genera l  form the so lu -  
t ion obtained is sui table  for analyzing both gas and 
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liquid d i sperse  flows with a tu rbulen t  t r anspor t ing  
medium at low volume concentra t ions .  The la t te r  con-  
s t ra in t  is associa ted with the effect of inc reased  con- 
cent ra t ion  on the flow s t ruc tu re  and proper t i es  (inten- 
s if icat ion of the non-Newtonian proper t i es  of the sys tem,  
reduced degree of f reedom of behavior  of the d i sc re te  
par t i c les ,  s ignif icant  change in the ra te  of i n t e r c o m -  
ponent heat t r ans fe r ,  r ed i s t r ibu t ion  of the the rmal  r e -  
s i s tances  of the cha rac t e r i s t i c  flow layers ,  e tc .)  [1]. 

These factors  essen t ia l ly  de te rmine  the l imi t ing  
c r i t i ca l  concentra t ion  ]3eyond which the express ions  
obtained a re  invalid.  For  a gas suspens ion  we have 
es t imated these concent ra t ion  values at ficr ~ 3%, 
which cor responds  to a f low-ra te  concentra t ion P c r =  
= 4 5 -  50 (kg/hr)Akg/hr). In this case Xf = X; cf ~ cp; 
Pr f  =Pr / (1  _fi)2.a; ~f/~ = 1 + ktt= 1 +k(Ppar/p) /?q0v; k = 
=qp(Re,Repar, p, D/dpa r. . .  ). Then for a gas suspen-  
sion general  express ion  (13) takes the form 

{If __ NIlf .~:~_ F 1 @ k  Cpa-~r ~par ~q0[] Ef, (1~) 
Nu L cv 9 J 

1 

1 + - ( 1 - ~ ) - , ~  1 ~--~Pa~-~%~]--I 
; - ~ c,, %,  } 

Clearly, for liquid flows tier considerably exceeds 
3% and approaches 20%. Here, the relative hydrody- 
namic drag characteristic can be determined from the 
formula based on the data of [3] 

~f Re~ ]o.25 = 

~ = (  Re ) 

= (1.__~_l-~Ppar~)-0"25(1--~)-o.7.9 , 

In any case all the quant i t ies  en te r ing  into (13) and 
(14) a re  physical  cha rac te r i s t i c s  e i ther  of the flow 
components  (Cp, Cpar, p, Ppar,, v, X, Xpa r . . . .  ) or of the 
ent i re  sys tem ~?, cf, ~f, ~ot, ~0v, ~  known 
or es t imated  in advance. Obviously, the expres -  
sions giving in re la t ive  form the re la t ion  between 
the heat t r a n s f e r  ra te  and the hydrodynamic drag of 
the d i spe r se  flow can be used to analyze the effect of 
the var ious  factors on the heat t r a n s f e r  cha rac te r i s t i c s  
or for a direct ,  though undoubtedly approximate,  heat 
t r a n s f e r  calculat ion only if laws of the type ~f/~ a re  
known. As for the s ignif icance of the other c h a r a c t e r -  
i s t ics  of the d i sperse  sys tem,  it must  be emphasized 
that it is impor tant  to es t imate  the d i rec t ion  of the in -  
f luence of growing concentra t ion  on the var ia t ion  of 
the re la t ive  heat t r a n s f e r  ra te  Nuf/Nu as compared 
with unity;  in this case 17 exer ts  an influence not only 
through ~f/~ but also through Pr f  and Cp/Cf. 

The de te rmina t ion  of v ' / v  p resen t s  diff icult ies,  
especia l ly  for media  with P r  > 1 (liquids). For  gases 
the choice of a method of es t imat ing  the veloci ty s i m -  
plex cannot introduce a s ignif icant  e r r o r ,  s ince,  in 
accordance with {16), the complex Ef is only a few 
percent  less  than unity and in f i r s t  approximation need 
not be taken into account at all. For  homogeneous 
flows, on the bas i s  of exper iments  Prandt l  has p ro -  

posed the approximation v'Az ~ 0.3. L. S. Leibenzon 
has theoretically calculated this ratio for a liquid pipe 

flow with a parabolic variation of velocity in the lam- 
inar boundary layer and obtained v'/v = 0.33. There 
have been other recommendations, for example, v'/ 
/v = 1.74 Re- l /a  or v'/v = 1.5 Re -I/8 P r  -I/6. 

The slip factors  of the components with respect  to 
velocity and t empera tu re  (Pv and ~ t  ) have Pot been 
fo rmal ly  introduced.  Their  appearance  is p r ede t e r -  
mined by the heterogenei ty  of the flow sys tem.  In the 
genera l  case the value of these coefficients is de t e r -  
mined as the sum of the hydrodynamic and the rmal  
in tercomponent  in te rac t ions .  To es t imate  ~ t  it is 
n e c e s s a r y  to de te rmine  the l a r ge - s c a l e  fluctuation 
t ime  T t r equ i red  for the es tab l i shment  of i n t e r com-  
ponent t empera tu re  equi l ibr ium.  In accordance with 
[1], ifYpa r _> 0.7d2par/apar ,  then q0 t may be taken equal 
to unity, s ince the t r a n s v e r s e  f luctuation t ime is suf-  
f ic ient  for there  to be no in tercomponent  t empera tu re  
drop and for t = tpa r at any point of the flow cross  
sect ion.  In accordance with [4], the par t ic le  t r a n s v e r s e  
f luctuation per iod 

Tpar ~ __ 1 + tg 2 q~ 
(1"59  12+ Vpar. flu V f l u  \ ' P , a ~  / " tg2 r 

In the f i r s t  approximat ion the veloci ty sl ip factor  
can be es t imated  for the s tabi l ized  flow region:  

% _ ~r _ 1 _ . 

Obviously, for smal l  or light par t i c les  v w << v and 

qv ~1.  
In the more  general  case ,  with allowance for p a r -  

t ie le  acce lera t ion ,  but a s suming  that the flow over 
the par t i c les  is s e l f - s i m i l a r  (for i r r e g u l a r  pa r t i c l e s  
with a nonspher ic i ty  factor  of 1.15-1.5 at Repa r > 
> 100 - 200), in accordance  with [1] 

%=I-- v_ w cthy, 

g �9 v~l-k Vw y = + 0.5 In 
t~w Urel-- ~w 

The f luctuation veloci ty slip factor  for any moment  
of t ime  [4] 

_ ~ / /  ( 1.59 \2 
q%nu :%at. f,, = p p ~  0.5p) + tg~ ~ 

Vnu 1 + tg ~ qo 

_ _  gD P p a r -  p 
tgqo --:~vv~th ? in (Re --0.9) 

' Ppar +" 0'50 

Express ions  (13) and (15) were  compared with ex-  
pe r imenta l  data [1, 5] for gas and liquid suspensions  
of graphite pa r t i c l e s  at Re = 3.104, v ' /v  = 0.33, t = 
= 100 ~ C, and Repa r = 8 (see table). 

In addition to the sa t i s fac tory  agreement  between 
the exper imenta l  and theore t ica l  data, the table reveals  
that an inc rease  in sol ids concent ra t ion  has differently 
d i rec ted  effects on Nuf/Nu. Thus, there  is a s igni f i -  
cant in tensi f icat ion of heat t r ans f e r  for gas-graphi te  
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suspens ions  and a ce r t a in  reduct ion  for  w a t e r - g r a p h i t e  
suspens ions  (for o ther  aqueons suspens ions  Nuf/Nu 
may  a ls0  be g r e a t e r  than unity,  but only v e r y  s l igh t ly - -  
by a few percen t ) .  This ,  at f i r s t  glance,  pa radox ica l  
r e s u l t  was f i r s t  examined  in [1], but a fu l le r  exp lana-  
t ion can be obtained on the b a s i s  of an ana lys i s  of (13) 
f rom t h e  s tandpoint  of the hydrodynamic  theory  of heat  
t r a n s f e r .  

NOTATION 

s denotes s h e a r  s t r e s s e s ;  # is  the coeff ic ient  of 
d y n a m i c v i s c o s i t y ;  v is the veloci ty ;  fl is the t rue  vol-  
ume concentra t ion;  ~ is  the t h e r m a l  conduct ivi ty  of the 
l iquid (gas);  t is the t e m p e r a t u r e ;  51s and 61t a r e  the 
t h i cknes se s  of hydrodynamic  and t h e r m a l  boundary  
l a y e r s ;  Cp is the m a s s  spec i f ic  heat  of l iquid a t  con-  
s tant  p r e s s u r e ;  p is the densi ty ;  Re, P r ,  Nu a r e  the 
Reynolds ,  P rand t l ,  and Nusse l t  numbers  of l iquid; 
dpa r and D denote the d i a m e t e r  of p a r t i c l e s  and chan-  
nel;  ~ is the coeff ic ient  of f r ic t ion ;  ~v and q~t a r e  the 
nonuniformity  f ac to r s ,  " s l ip"  of flow components  with 
r e s p e c t  to ve loc i ty  and t e m p e r a t u r e ;  k is the analog of 
Gas ters tHdt  coeff ic ient ;  G' and G 'pa  r a r e  the t r a n s -  
v e r s e  m a s s  flow r a t e  of continuous and d i s c r e t e  flow 
components  caused  by l a r g e - s c a l e  turbulent  f luctua-  

t ions;  F is the channel heat ing su r face ;  tx, txpar ,  Vx, 
and Vxpar a r e  the t e m p e r a t u r e s  and ve loc i t i e s  of flow 
components  in the turbulent  co re ;  Vcr is the c r i t i c a l  
p a r t i c l e  veloci ty;  z is  the t ime  of motion;  Vre 1 is the 
r e l a t i ve  in i t ia l  veloci ty;  a is the coeff ic ient  of heat  
t r a n s f e r  between flow and heat ing sur face .  Subscr ip ts :  
par)  sol id  p a r t i c l e s ;  f) d i s p e r s e  flow; w) wall;  flu) f luc-  
tuat ing quant i t ies ;  p r ime)  quant i t ies  a t  edge of l a m i n a r  
sub taye r .  
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